In the last few years there has been significant interest in the field of thin films, due to numerous specific phenomena related to the low dimension of these systems, and to the large opportunities in development of high technologies based on their specific magnetic and electronic properties. When dealing with systems of reduced dimensionality it is important to take into account the influence of magnetic anisotropies. In this paper we investigate the magnetic properties of bilayer thin film. This behavior is modeled using Monte Carlo simulations, in the Extended Anisotropic Heisenberg Model. The magnetization, out-of-plane and in-plane magnetic susceptibilities, and also the specific heat bearings according to temperature are investigated in order to find the potential magnetic ordering phases and the critical temperatures, for two sets parameter assignments. For quasi-uniform anisotropy parameters of the film we detect the ferromagnetism-paramagnetism transition and then, by changing the model parameters values, we relieve a short range ferromagnetic ordering phase arising from the antiferromagnetic base layer coupling influence and from easy-plane anisotropy discontinuity on the layers interface. 
Introduction
Physics of nanostructured materials rouses a great interest in the last 30 years and obviously, the large opportunities in development of high technologies based on their specific magnetic and electronic properties, in this domain, magnetic thin films filling a preferential place, owing to the interesting practical application that can arise from the special properties of this kind of systems, this interest being mainly associated with the development of magneticnonmagnetic multilayers for the purpose of giant magnetoresistence applications [1] . The phase transitions in these systems have been investigated experimentally [2, 3] and theoretically [4] [5] [6] [7] and it was found that the finite-size effects arising from both confinement and surface modification give rise to a variety of equilibrium phase behaviors that differ from those observed in the bulk materials.. The research works of thin ferromagnetic films has become a field of great interest, particularly due to their importance for applications in magnetic-recording media [8] , in order to create ultrahigh density magnetic data storage, this interest being also due to numerous specific phenomena related to the low dimension of these systems. In the last years, there also has been an increasing attention in ultrathin magnetic nanodots from research experimental groups as well as technological industries. A good perspective is the use of nanodots of nickel that could store terabyte of data in a computer chip just a few centimeters wide. In particular, ferromagnetic nanodots have been widely studied by use of experimental techniques such as MFM (magnetic force microscopy), the modern technology demanding techniques capable of producing nanometer-sized structures over large areas. In addition, some theoretical models were proposed to explain the physical phenomena observed in the experiments, among them the transition from perpendicular to in-plane ordering and the magnetoresistance effect. Experiments were performed regarding the transition from perpendicular to in-plane ordering, using epitaxial films to investigate its transition temperature and thickness dependence [9, 10] . Monte Carlo simulations, based on such models, have been widely used to study the phase diagram of very thin films [11] , the nature of this transition [12] as well as its dependence on the magnetic history of the system [13] . Some lattice models were introduced to take into account long-range dipolar interactions and surface anisotropy [14] . On the other hand, magnetic domains [15] and magnetic structures [16] , have also been investigated by using computational methods. A topological excitation, the spin vortex, has been found in experiments and also detected in simulations. Recently, significant attention has been focused on the study of lithographically produced magnetic nanostructures [18] . This is driven by interest in the properties of nanoscaled materials. This is interesting in magnetism because relevant magnetic length scales are nanometric and magnetic energies for nanoscaled magnets are close to thermal energies. In addition, nanometer-sized structures have potential applications in nonvolatile magnetic memory devices or high-resolution magnetic field sensors.
In this paper we investigate the magnetic behavior of the double-layer film, using the Anisotropic Heisenberg Model and Monte Carlo simulations. The aim of the paper is to study the influence of the parameters describing the interface between two layers on the magnetic ordering of the bilayer square lattice spins. We look for the non-trivial phase transition in the system characterized by a continuity break on the inter-layer surface of the model parameters (anisotropy and direct exchange interactions). In Fig. 1 we present the qualitative phase diagram of the physics system describable by the Hamiltonian mentioned below. The paper is organized as follows: Section 2 presents the description of the physics model we use; Section 3 is devoted to describing the numerical Monte Carlo algorithm, and presents the details of this and the physical quantities necessary to elaborate our simulations; In Section 4 we display the numerical results for different parameters settings: Sub-sections 4.1 and 4.2 present the results from ferromagnetic domain and short range ferromagnetic domain respectively, where we focus on ferromagnetic state -paramagnetic state (FM-PM) phase transition and ferromagnetism-short ferromagnetic range (FM-SFM) phase transition, this latter ordering state arising from continuity braking of the physics parameters on the interface between the two layers (PM denotes the disordered phase and XY represents the inplane magnetic ordering); In Section 4.3 we make a comparative study respecting the previous results; Concluding remarks are given in Section 5. 
Physics model
Research on ultrathin films has been growing considerably over the last two decades due to their technical importance and the increasing ability to grow high-quality film samples, as we were saying. When dealing with systems of reduced dimensionality it is important to take into account the influence of magnetic anisotropies. Thus, magnetism at nanoscale, when the size of the structure is comparable to or smaller than both the ferromagnetic (FM) and antiferromagnetic (AF) domain size, renders a great potential for new physics investigations, since the late 1980s there has being an increasing interest in ultrathin magnetic films experimental workgroups [19] , as we were saying. In this paper we have focused our attention on the double-layer magnetic film properties using the anisotropic Heisenberg model [20] , describable by the following Hamiltonian, made of three different spin interaction forms, taking in account the direct exchange and the anisotropic interactions:
where
In expression (1), the first term represents the direct exchange interaction between the adjacent spins, explicitly presented in equation (2), (J αβ being the direct exchange constant), the second term, developed in equation (3), is an easy-axis anisotropy one and tends to align the spins in the direction, in order to minimize the energy of the system (A αβ being the -axis anisotropy parameter); the third term, described in expression (4), define the easy-plane anisotropy interaction and favors the XY plane alignment of the magnetic spins (D α being the corresponding interaction constant). The last two terms in equation (1), describe two competitive behaviors that determine the phase transition, strong connected with the spins orientation (in-plane and out-of plane), while the first term describe the local spin orientation, determined by the direct exchange interaction between adjacent spins. In equations (2-4) that describes the physics model interactions, means that the summations are made only over the nearest-neighbor spins. In our work, we choose different values for the A αβ exchange anisotropy interaction parameter (easy-axis anisotropy) according to the layer emplacement of the spins: A 00 denotes the first plane spins interaction, A 11 -second plane spins interaction and A 01 represents the inter-plane spin interaction, the same indexation (in accordance with the position of magnetic spins in the film, on the first or the second layer) being valid for the other parameters as well (J αβ and D α ).
Numerical algorithm
For this computational work, we have used the Monte Carlo simulation [21, 22] , in order to obtain the properties of the double-layer magnetic films in above presented model. In our simulation we have applied the Glauber algorithm [23] on a double-layer square lattice. The sites to be considered for a change in the spin orientation are randomly chosen. Once a site is selected for a spin reorientation, the angle associated with an attempted change of the spin is chosen at random from within a specified range. Then the energy change, ∆E associated with the attempted update, is calculated. If the quantity:
is larger than a random number between 0 and 1, the change is allowed, otherwise, it is rejected (here T denotes the absolute temperature of the system). Typically, 10 5 -10 6 MC steps per spin are used for equilibration and 10 6 steps for spin are used for calculating the interesting physics average quantities. We also have used open boundary conditions (OBC) and we set B = 1 for Boltzmann constant. In order to investigate the physical properties of the system, we need the statistical average of the energy per spin:
where · · · denotes the statistical average, which is calculated by taking in account the partition function over the Monte Carlo steps energies and N = N N N means the number of sites of the lattice. For the specific heat calculation we use the expression given by the energy dispersion:
where T denotes the absolute temperature of the system as we were saying. We also use for our simulations the out-of-plane (OZ ) and in-plane (XOY ) magnetic susceptibility, given by:
and
where are the OZ and XOY components of the magnetization vector:
S being the spin at the site " ". The components of the magnetization are given by:
and, the in-plane magnetization is:
The simulation results
In our Monte Carlo study we consider a bilayer spins lattice with N = N N N sites (N = N = 35; N = 2), the two layers being indexed by "0" and "1", respectively, in order to investigate the down layer ("0") influence on the static magnetic properties of the upper layer ("1"), taking into account the model parameters discontinuity on the layers interface. Thus, we calculate the interesting physics quantities: out-of -plane and in-plane magnetization, out-of-plane and in-plane magnetic susceptibility and the specific heat of the upper layer, in order to point out the phase transitions respecting the magnetic ordering of the spin lattice. In the next graphs, we assume that the energy and temperature units are JS 2 and JS 2 / B , respectively. (J denotes the direct exchange interaction and S represents the absolute value of the magnetic spins: S(0) = S = 1 and S(1)= 1 5). We also assume that direct exchange between the ("1") layer spins J 01 = J = 1, so the spins in the upper layer are ferromagnetic coupled and J 00 = −1 5 (antiferromagnetic (AFM) coupling between the down layer spins).
The ferromagnetic region
In this Section we set:
.2 and J 00 = -1.5, J 11 =1, therefore anisotropy parameters discontinuity is not very large on the layers interface in this case. In Fig. 2 (left) we present the out-of plane magnetization graph for the above specified model parameters. We can observe a ferromagnetic ordering like behavior of the system at low temperatures and the suppression of this, in the large temperatures range. The critical temperature can be well approximated by the inflection point (the second order derivative change the sign-marked with the arrows) of the magnetization graph. We can observe the critical temperature increment as the direct exchange parameter increases and this behavior is confirmed also by the out-of-plane magnetic susceptibility shape (Fig. 3 left) . In Fig. 2 (right) we show the in-plane magnetization variation according as the temperature, hence it is evident that the in-plane ordering of the magnetic spins is quasi-absent in this particular case, in agreement with the previous works [24] . Fig. 3 (left) shows the out-ofplane magnetic susceptibility versus temperature. The peak amplitude of the magnetic susceptibility decreases according with the direct exchange parameter decrement. Fig. 3 (right) discloses the in-plane magnetic susceptibility bearing according to the temperature, wherefrom it turns out that the amplitude of the peaks is minimal and decreasing along with the direct exchange interaction parameter. The parameters set presented in this paragraph is appropriate to the high density magnetic data storage device construction, respecting the out-of-plane spin ordering in the film lattice. The critical temperature can be fine adapted by inter-layer direct exchange interaction, taking into account the easy-plane/easy-axis anisotropy ratio, being evident that the large values of the easyaxis anisotropy advantages the ferromagnetic ordering of the spins and consequently, in practice, this becoming the premise of magnetic density data storage extension (like in FePt [25] and CoPt [26] ).
In the next paragraph we study the influence of D 1 (Fig.  4 left) and A 01 (Fig. 4 right) on the out-of-plane versus temperature shape. We observe an increase of the critical temperature along with D 1 decreasing and A 01 increasing, respectively, when the rest of the parameters are fixed (as discussed above). The inter-plane easy-axis anisotropy increasing favors the ferromagnetic ordering stability in the sample.
In Fig. 5 we present the specific heat as a function of temperature for different direct exchange parameter values and we find a single-peak form of the graphs. The critical point moves to lower temperature along with the direct exchange parameter decrement. The form of graphs confirms the preceding observations regarding the ferromagnetic ordering state which characterizes the physical system below the critical temperature (associated with the position of the specific heat peak).
The short range ferromagnetic region
In this Section we remake the previous work but we change the parameters set: D 0 =2, D 1 =3.5, A 00 =A 01 =1, A 01 =1.2 and J 00 = -1.5, J 11 =1. In Fig. 6 (left and right, respectively) we present the out-of-plane magnetization and inplane magnetization of our sample (upper layer), where we detect two phase transition region: a low temperature transition (SFM to FM phase transition) and a high temperature transition (FM to PM phase transition). Thus we can explain the shape of the phase diagram (Fig. 1) , where we announce the SFM ordering occurrence in the upper layer, taking into account the down layer influence, which become acute when the single-ion anisotropy brings a large discontinuity at the layers interface in presence of the antiferromagnetic direct exchange coupling in the down layer.
Next we can show that the graph of out-of-plane mag- netic susceptibility (Fig. 7 left) demonstrates two peaks. A slight subtraction of the peak amplitude of the high temperature transition (FM→PM), along with a critical temperature shift to lower values is also apparent, relative to the ferromagnetic region (Section 4.1). In accordance with previous studies this respects the interface bilayer magnetic ordering [27, 28] . Fig. 7 (right) depicts the in-plane magnetic susceptibility form, which is in unison with the other results regarding the studied physical quantities. Our choice of parameters for the Anisotropic Heisenberg Model brings an out-of plane magnetic ordering predilection of the spins. For the low temperature peak we observe a decreasing of the critical temperature, along with J 01 increasing, this apparent anomaly being due to antiferromagnetic direct-exchange coupling in the base layer.
In Fig. 8 (left) we plot the specific heat behavior vs. temperature for different inter-layers direct exchange (J 01 ) parameters, which confirms the two peak aspect of the previous physics quantities. The low temperature peak corresponds to SFM to FM phase transition, mentioned above. To investigate the SFM ordering phase we calculate the spin-spin correlation function among the classical spins, given by the following expression:
We observe (Fig. 8 right) that the correlation function decreases abruptly, vanishing for large coordination numbers (r=5). That spin-spin correlation function behavior denotes a suppression of long range ferromagnetic ordering in the magnetic spin lattice and attests the SFM ap- pearance, its gradient increasing with the inter-layer direct exchange parameter increasing. Thus, in the sample the magnetic spins are ferromagnetically arranged but the ordering is a short range one, due to the basic layer influence and to the anisotropy gap on interface between the layers, this type of influence, between the AFM/FM layers being reported in previous works [29, 30] , taking in account the single-ion anisotropy interaction.
Comparative treatment
In this Section we present a comparative treatment as regards the previous simulation results, in order to establish some quantitative correlation between the two cases studied above. In Fig. 9 we plot the relative variation rate
of the peaks amplitude for specific heat (left) and out-of-plane magnetic susceptibility (right) for the two FM→PM transitions respecting Section 4.1 and 4.2 for the three different J 01 parameter values ("1" and "2" index the first and the second comparative cases, respectively), in both of the cases variation rate slightly increasing along with interlayer direct exchange parameter. In Fig. 10 we present the relative variation rate (∆T = (T 1 − T 2 ) T 2 ) of the critical temperature (arising from specific heat (left) and out-of-plane magnetic susceptibility (right) for the two FM→PM transitions respecting Section 4.1 and 4.2 for the three different J 01 parameter values ("1" and "2" index the first and the second comparative cases, respectively). We observe that the variation rate of the critical temperature (Fig. 10) is lower than for the peaks amplitude of specific heat and susceptibility (Fig.  9 ), which suggests a low influence of direct variation on critical temperature corresponding to FM→PM transition. Finally, in Fig. 11 we present a comparative study of the finite size effect, retaining the physical conditions assumed in Section 4.2 (SFM region) for three interesting dimensions of the lattice: N =N =15, 25, 35. We observe that the influence in this low-dimension spectrum of the lattice is not significant for the two above studied quantities (out-of-plane and in-plane magnetic susceptibility), the peak amplitudes exhibit a slight decrease along with the decrease in lattice size.
Conclusions
Artificially manufactured ultrathin nanomagnetic films have received significant research efforts because of po- tential magnetic nanodevice application purposes. Thus, the investigation of thin magnetic films has become a field of great interest due to their importance for applications in magnetic-recording media technologies and also to numerous specific phenomena related to the low dimension of these systems. Monte Carlo simulations are widely used to study the physical properties of magnetic thin films. For this computational work, we have used the Monte Carlo simulation (with the Glauber algorithm), in order to obtain the static properties of the bilayer magnetic films in Anisotropic Heisenberg model, on a doublelayer spins square lattice. Considering open boundary conditions (OBC), 10 5 -10 6 MC steps per spin are used for equilibration and 10 6 steps per spin are used to calculate the interesting physics average quantities that determine the double-layer square lattice with N = N N N (N = N =35; N =2) spin sites properties. We have investigated the influence of the parameter gap at the interface of the two layers on the magnetic ordering of the bilayer square lattice spins. We look for the non-trivial phase-transition in the system characterized by continuity break on the inter-layer surface of the model parameters (anisotropy and direct exchange interactions). We have focused our attention on two phase transitions: ferromagnetic state (FM) -paramagnetic state (PM) phase transition and ferromagnetism (FM) -short ferromagnetic range (SFM) phase transition, this last ordering state being a consequence of the physical parameters discontinuity at the interface between the two layers (PM denotes the disordered phase and XY represents the in-plane magnetic ordering). In this order we have provided two parameter setting simulation results, where we have investigated: a) the out-of-plane and in-plane magnetization as a function of temperature; b) out-of-plane and in-plane magnetic susceptibility; c) dependence on temperature; and d) the specific heat vs. temperature behavior. When the single-ion anisotropy causes a large discontinuity at the interface in the presence of the antiferromagnetic directexchange coupling in the down layer, the spin-spin correlation function behavior denotes a suppression of longrange ferromagnetic ordering in the magnetic-spin lattice and attests the appearance of short ferromagnetic ordering region (SFM). Its gradient increases with the increasing inter-layer direct-exchange parameter. Finally, we have noted a size effect in the low-dimensional lattice spectrum, and we have observed the slight amplitude dependence in the magnetic susceptibility with lattice size, which is very important because we intend to involve this spin structure in an interaction nanodot system, to be presented in future works. The interplay between anisotropy interactions still remain a challenge in the magnetism of the nanostructures and particularly in the layered films where the interface FM/AFM coupling is the source of most of the interesting physics phenomena regarding to the phase transitions between different magnetic ordered states. We intend to investigate the base AFM coupling layer influence on the magnetic ordering of multilayer films in the extended Anisotropic Heisenberg Model by taking in account the dipolar interaction between the spins for different sized lattices, and by the introduction of low-density random impurities in our simulation model. 
